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Optical single-angle plane-wave transmittances Õreflectances
from Schwarzschild objective variable-angle measurements
Thomas K. Gaylorda) and Gregory R. Kilby
School of Electrical and Computer Engineering, Georgia Institute of Technology, Atlanta,
Georgia 30332-0250
~Received 8 September 2003; accepted 15 November 2003!
Photonic crystal structures and other nanoscale and microscale optical structures are centrally
important to future device technology. The fundamental infrared single-angle plane-wave
experimental characterization of these structures is needed to evaluate the analysis, design, and
fabrication progress on these devices. The very small sizes of these devices necessitates focusing the
infrared probe light typically with a Schwarzschild reflecting objective. The small spot size
inherently requires the large range of incident angles associated with the objective. In this work, a
variable-angle measurement method is presented for obtaining the optical single-angle plane-wave
transmittances/reflectances. The primary steps in this method are~1! calculating the reference
sample single-angle plane-wave transmittance/reflectance,~2! measuring the composite
transmittances/reflectances of a reference sample over a range of objective angles of incidence,~3!
calculating the intensity-angular-weighting coefficients for the objective using the Moore–Penrose
~overdetermined linear equations! matrix inversion technique,~4! measuring the composite
transmittances/reflectances of a sample-under-test over a range of objective angles of incidence, and
~5! calculating the single-angle plane-wave transmittances/reflectances using the Moore–Penrose
matrix inversion technique. ©2004 American Institute of Physics.@DOI: 10.1063/1.1641160#
I. INTRODUCTION
Optical devices based on photonic crystal structures
have the potential to manipulate and control light in many
useful ways.1 These and related nanoscale and microscale
optical devices can function as waveguides, right-angle
waveguide bends, resonators, input/output couplers, sponta-
neous emission controllers, light localizers, optical intercon-
nections, etc. Devices may have locally periodic variations in
one, two, or three dimensions. Since the first introduction of
photonic crystal structures,2,3 there have been many theoret-
ical papers and fabrication papers published on these impor-
tant structures. Although a great deal of excellent progress
has been made, photonic crystal devices are not yet in wide
commercial use. The structures are small and complex. Non-
optimum device performance might be ascribed to shortcom-
ings in analysis, design, fabrication, or a combination of
these. There are many uncertainties accompanying the devel-
opment of these devices. Hence there is a significant need for
accurate experimental measurements on the structures that
are fabricated. Testing is critical, especially over a range of
infrared wavelengths. Only by such measurements can de-
vice developers know what they have achieved.
To address the need for measurements over a range of
infrared wavelengths, researchers have successfully em-
ployed Fourier transform infrared~FTIR! transmission
microscopy,4–9 FTIR reflection microscopy,6,9–15 optical
parametric oscillator~OPO! microscopy,10,16–19 and carbon
dioxide (CO2) laser microscopy.
20 These investigations have
provided many valuable results and insights. In general,
these approaches require focusing of the infrared beam. This
is typically done with a Schwarzschild reflecting objective
which like all objectives produces a range of angles of inci-
dence. Furthermore, unlike a refracting lens, the Schwarzs-
child reflecting objective produces a~nonzero! minimum as
well as a maximum angle of incidence. The range of angles
produced by the objective directly determines the angles of
incidence that occur in a given measurement made with the
objective. A method is needed for obtaining the infrared
single-angle plane-wave transmittances/reflectances.
In this article, a variable-angle measurement method is
presented for obtaining the optical single-angle plane-wave
transmittances/reflectances. First, the operation of the
Schwarzschild reflecting objective is described. Then the
method is presented. It consists of the following steps:~1!
installing a horizontal slit before the objective to limit angles
of incidence,~2! calculating the reference sample single-
angle plane-wave transmittance/reflectance~ .g., using
Fresnel’s equations!, ~3! inserting the reference semiconduc-
tor slab sample aligned with the horizontal slit,~4! measur-
ing the composite transmittances/reflectances of a reference
sample over a range of objective angles of incidence,~5!
calculating the intensity-angular-weighting coefficients for
the objective using the Moore–Penrose~overdetermined lin-
ear equations! matrix inversion technique,~6! inserting the
photonic crystal semiconductor sample aligned with the hori-
zotal slit, ~7! measuring the composite transmittances/
reflectances of a sample-under-test over a range of objective
angles of incidence, and~8! calculating the single-angle
plane-wave transmittances/reflectances using the Moore–
a!Author to whom correspondence should be addressed; electronic mail:
tgaylord@ece.gatech.edu
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Penrose matrix inversion technique. In the following sec-
tions, each of these steps is described.
II. SCHWARZSCHILD REFLECTING OBJECTIVE
The Schwarzschild reflecting objective produces a range
of angles of incidence as shown in Fig. 1. The objective
angles incident on the sample range from2uob,max to
2uob,min and from1uob,min to 1uob,maxas indicated in Fig.
2. These angles include all angles with circular symmetry
about thez axis of the objective. Some example commercial
Schwarzschild reflecting objectives made by Thermo-Oriel21
and Ealing22 are described in Table I. For the measurements
described here, a horizontal slit along thex direction is lo-
cated before the objective. Thus each ray incident on the
sample has a wave vectork lying in the x2z plane. The
development presented here is in terms of transmittances.
However, a similar procedure applies to the determination of
plane-wave reflectances. With the Schwarzschild objective,
measured transmittances are integrations~summations! over
a range of angles of incidence. From composite angular mea-
surements made with the Schwarzschild objective, it is de-
sired to determine the single-angle plane-wave transmittance,
t j , of the photonic crystal structure wherej is the index over
the single-angle plane-wave angles of incidence. The mea-
sured composite transmittances are represented byTi wherei
is the index over angles of the objective axis with respect to
the sample,us,i . The measured transmittances may be rep-
resented as incoherent weighted sums of the plane-wave
transmittancest j . That is,
Ti5(
j
Ai j t j , ~1!
whereAi j are the weighting coefficients for the plane waves
that are present. For a given objective angle with respect to
the sample,us,i , many plane wave components will be ab-
sent and thus the correspondingAi j coefficients will be zero
for those components. For the realistic case of the intensity
of the incident infrared radiation intensity not being the same
for each angle from2uob,maxto 2uob,min and from1uob,min
to 1uob,max thenAi , j 21ÞAi , jÞAi , j 11 , for each plane-wave
angle of incidence for that objective orientation. However,
the objective intensity weighting coefficients will not depend
on the objective angle with respect to the sample~index i!.
The coefficients depend only on the infrared beam and the
Schwarzschild objective optics and not on how the sample is
oriented with respect to the objective. For clarity of presen-
FIG. 1. Optical configuration of Schwarzschild reflecting focusing objec-
tive. Light passes through a hole in the primary mirror, is reflected by the
secondary mirror, then is reflected by the primary mirror, and brought to a
focus as shown.
FIG. 2. Light rays from Schwarzschild objective incident~a! upon a refer-
ence~or slab! sample and~b! upon a photonic crystal sample. The normal to
the sample is at an angleus with respect to the axis of the objective. The
minimum and maximum ray angles of the objective are given byuob,min and
uob,max, respectively. An example single-angle plane-wave angle,uk , is
shown.
TABLE I. Example commercial Schwarzschild reflecting objectives includ-
ing their minimum and maximum ray angles.







Thermo-Oriel 13595 153 0.4 9.8 23.6
Thermo-Oriel 13596 363 0.5 10.3 30.0
Ealing 25-0514 253 0.4 9.4 23.5
Ealing 25-0522 363 0.5 10.0 30.0
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tation, the indexi ~for the objective-sample angle! and the
index j ~for the single-angle plane wave! are taken to be the
value in degrees of those corresponding angles~rather than
consecutive integers!. Also, the intensity weighting coeffi-
cients will be designated by the single subscriptj ~rather than
by two subscripts! with the values in degrees for the case of
i 50 ~normal incidence for objective!. Further, to simplify
the presentation, a large angular spacing~10°! is used to
represent consecutive values of the composite transmit-
tances, the weighting coefficients, and the single-angle
plane-wave transmittances. Still further, the Schwarzschild
objective used in the development here is assumed to be
described by only three weighting coefficients corresponding
to uob520°, 30°, and 40°. For these angles the intensity
weighting coefficients are given byA0,20[a20, A0,30[a30,
and A0,40[a40. To obtain higher angular resolution in the
single-angle plane-wave transmittances, obviously measure-
ments, weighting coefficients, and calculations would need
to be obtained at a smaller angular spacing~such as 1°!. Note
that the maximum angle of objective-sample incidence,us,i ,
is 90°2uob,max. At this objective-sample angle of incidence,
there are rays at grazing incidence. In some experimental
configurations, the mechanical arrangement of the sample
and objective will limit the maximum angle of objective-
sample incidence to a value lower than this. Using these
conventions and facts, the measured composite transmit-
tances,Ti , in terms of the single-angle plane-wave transmit-














a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0 0 0 0 0 0
0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0 0 0 0 0
0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0 0 0 0
0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0 0 0
0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0 0
0 0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0 0
0 0 0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0 0
0 0 0 0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0 0
0 0 0 0 0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0 0
0 0 0 0 0 0 0 0 0 a40 a30 a20 0 0 0 a20 a30 a40 0























where the maximum angle of objective-sample incidence has
been taken arbitrarily to be 50°. For the objective at normal
incidence,us,i50, the corresponding measured transmittance
T0 is the sum of the plane-wave transmittances fromuk
52uob,max to uk52uob,min and from uk51uob,min to uk
51uob,max. Foruob,min520° anduob,max540° as depicted in
Eq. ~2!, and for the objective atus,i5110°, then measured
transmittanceT10 is the weighted sum of the plane-wave
transmittances at230°, 220°, 210°, 130°, 140°, and
150°.
For symmetric photonic crystal structures, such as the
one shown in Fig. 2, positive and negative angles of inci-
dence should produce the same result. Using this, Eq.~2! can
be simplified. From symmetry,t105t210, t205t220, t30
5t230, etc., and so
t j5t2 j . ~3!
Further, objective-sample angles of incidence beyondus,max
are not possible. In practice, the largest angle of plane-wave
incidence would beuk,max where
uk,max5us,max1uob,max. ~4!
Incidence at and near 90°, as indicated in Eq.~2!, may not be
possible depending on the particular experimental configura-
tion.
III. COMPOSITE TRANSMITTANCES OF REFERENCE
SAMPLE
Initially, a blank reference slab~typically silicon or other
semiconductor material! is inserted into the system. The
single-angle plane-wave intensity transmittancest j ’s are cal-
culated for this slab. This may be done using the Fresnel
equations, finite-difference time-domain~FDTD! methods,
or other electromagnetic modeling methods. Here, for sim-
plicity, the Fresnel equations are used to calculate the single-
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angle plane-wave intensity transmittancest j ’ taking into ac-
count a single reflection at the entrance surface and at the
exit surface of the reference silicon slab. These are desig-
nated as ‘‘slab’’ (sl) values,tsl,0 , tsl,10, tsl,20,...,tsl,90. For
TE polarization~electric field perpendicular to the plane of
incidence! and TM polarization~magnetic field perpendicu-
lar to plane of incidence!, the amplitudes of the transmitted
fields at the air–semiconductor interface are








wheren151 is the index of air,n2 is the index of the semi-
conductor,u1 is the angle of incidence, andu2 is the angle of
refraction given by Snell’s law,n1 sinu15n2 sinu2. For ex-
ample, for silicon, at a wavelength of 10mm the refractive
index is n253.4215. The fraction of the power transmitted
for TE or TM polarization is
S PtPi D TE
TM







The semiconductor exit interface is taken to be parallel to the
ntrance interface. Under these circumstances, the fraction of
the power reflected is the same at this second interface. Thus
the slab single-angle plane-wave intensity transmittance is
simply the square of the fraction of the power transmitted at
the entrance interface, or




neglecting interference effects between the entrance and exit
interfaces. For example, for TE polarized light of wavelength
10 mm at an angle of incidence of 10°, the single-angle
plane-wave transmittance of a silicon reference slab istsl,10
50.4826. The reference slab sample may have the same di-
mensions as that containing the photonic crystal sample. This
is typically a first location in a common semiconductor slab
that contains both the reference slab and the photonic crystal
region. Figure 2~a! depicts incidence upon the reference
sample and Fig. 2~b! depicts incidence upon the photonic
crystal sample. The ‘‘slab’’ values of theTsl,i ’s
(Tsl,50,Tsl,40,Tsl,30,...,Tsl,250) are measured using the slab















a40 a30 a20 0 0 0 a20 a30 a40 0
0 a40 a30 a20 0 0 0 a20 a30 a40
0 0 a40 a30 a20 0 0 0 a201a40 a30
0 0 0 a40 a30 a20 0 a40 a30 a20
0 0 0 0 a40 a30 a201a40 a30 a20 0
0 0 0 0 0 2a40 2a30 2a20 0 0
0 0 0 0 a40 a30 a201a40 a30 a20 0
0 0 0 a40 a30 a20 0 a40 a30 a20
0 0 a40 a30 a20 0 0 0 a201a40 a30
0 a40 a30 a20 0 0 0 a20 a30 a40







































4 F a40a30a20G . ~9!
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Then the intensity weighting coefficients,a20, a30, a40, may
be determined using the method described in the next sec-
tion.
IV. INTENSITY WEIGHTING COEFFICIENTS
The linear equations represented by Eq.~9! are an over-
determined set of equations. There are more equations~M!
than unknowns~N!. This is due to making more measure-
ments than the minimum needed to determine the intensity
weighting coefficients. The larger number of measurements
is desirable to compensate for noise in the measured com-
posite transmittances~T ’s! and thus to improve the overall
accuracies of the intensity weighting coefficients. The issue
is how to use all the measured information that is available to
obtain the most accurate set of answers~a’ ! possible. A
widely used strategy23 is to define the error vectore as e
5tsla2Tsl and to minimize( i uei u2. The resulting solution




T Tsl , ~10!
wheretsl is the coefficient matrix of Eq.~9!, tsl
T is the trans-
pose of tsl , and (* )




T is the Moore–Penrose matrix inverse of
tsl . It is also referred to as the ‘‘generalized inverse’’ or
‘‘pseudoinverse.’’23
V. COMPOSITE TRANSMITTANCES OF PHOTONIC
CRYSTAL SAMPLE
Next, the silicon slab containing the photonic crystal
sample is translated into position as shown in Fig. 2~b!. It
should have the same external dimensions as the previous
blank silicon reference slab. In fact, it may be a second lo-
cation on the same silicon sample. Now the composite trans-
mittancesTpc,i are measured over a range of objective-
sample angles of incidence. These composite transmittances















a40 a30 a20 0 0 0 a20 a30 a40 0
0 a40 a30 a20 0 0 0 a20 a30 a40
0 0 a40 a30 a20 0 0 0 a201a40 a30
0 0 0 a40 a30 a20 0 a40 a30 a20
0 0 0 0 a40 a30 a201a40 a30 a20 0
0 0 0 0 0 2a40 2a30 2a20 0 0
0 0 0 0 a40 a30 a201a40 a30 a20 0
0 0 0 a40 a30 a20 0 a40 a30 a20
0 0 a40 a30 a20 0 0 0 a201a40 a30
0 a40 a30 a20 0 0 0 a20 a30 a40













which has the same coefficient matrix as Eq.~8! Now, how-
ever, the a’s are known quantities. Thus thetpc’s can
be determined. In this simplified representation depicted in
Eq. ~11!, there are 11 measured values of
Tpc,i (Tpc,250,...,Tpc,0 ,...,Tpc,50) and ten unknown values
of tpc, j (tpc,0 ,tpc,10,...,tpc,90). In general, there areM mea-
surements extending from2us,max to 1us,max. If the angular





The unknown single-angle plane-wave transmittances of the
photonic crystal structure are for angles fromuk50 to uk
5uk,max where uk,max5us,max1uob,max @Eq. ~4!#. The maxi-
mum plane wave angle of incidence,uk,max, present in the
measurement, of course, is typically less than 90°. The num-






Using Eqs.~12! and ~13!, typical values of the number of
composite transmittance measurements~M! and number of
unknown single-angle plane-wave transmittances~N! are
given in Table II for various values of the angular resolution
in angular measurement (Dus) and the angular separation
between the single-angle plane-wave transmittances (Duk).
The practical case ofDus5Duk/2 is included in Table II.
This corresponds to making two measurements in each an-
gular range equal to the angular separation between the val-
ues of the plane-wave transmittances to be calculated. Non-
integer values may arise from Eqs.~12! and ~13!, but of
course only integer numbers of measurements and unknowns
exist. Whenuob,max5us,max and Dus5Duk , the number of
measurements~M! and the number of unknowns~N! are the
same.
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VI. SINGLE-ANGLE PLANE-WAVE TRANSMITTANCES
OF PHOTONIC CRYSTAL SAMPLE
The linear equations represented by Eq.~11! are again an
overdetermined set of equations. This is due to making more
measurements than the minimum needed to determine the
single-angle plane-wave transmittances. This reduces the ef-
fects of experimental noise. As before, the optimum solution
that minimizes the squared error is given in terms of the
Moore–Penrose matrix inverse. The resulting solution is
tpc5~A
TA!21ATTpc , ~14!
whereA is the coefficient matrix of Eq.~11!, AT is the trans-
pose ofA, and (* )21 represents the matrix inverse. In this
fashion, the single-angle plane-wave transmittances of the
photonic crystal sample may be determined.
VII. DISCUSSION
In summary, the complete procedure for determining the
single-angle plane-wave transmittances of the photonic crys-
tal sample for a given wavelength and a given polarization
~either TE or TM! may be described as follows:~1! Install a
horizontal slit before the objective to limit angles of inci-
dence to the horizontal plane.~2! Calculate, based on the
Fresnel equations or other electromagnetic method, the
single-angle plane-wave transmittances,tsl,i ’s ~e.g., tsl,0 ,
tsl,10, tsl,20, etc.! taking into account reflections at the en-
trance surface and at the exit surface@Eq. ~7!#. ~3! Insert the
reference semiconductor slab sample aligned with the hori-
zontal slit. This is typically the first location on a common
slab sample that contains the reference region as the first
location @Fig. 2~a!# and the photonic crystal sample as the
second location@Fig. 2~b!#. ~4! Measure the composite trans-
mittancesTsl,i ’s ~e.g.,Tsl,0 , Tsl,10, Tsl,20, etc.! of the refer-
ence semiconductor slab over a range of objective-sample
angles of incidence.~5! Calculate, using the Moore–Penrose
matrix inversion method, the objective intensity-angular-
weighting coefficientsa’s ~e.g.,a10, a20, a30, etc.! from Eq.
~10!. ~6! Translate the photonic crystal semiconductor
sample into the focal region@Fig. 2~b!#. ~7! Measure the
composite transmittancesTpc,i ’s ~e.g.,Tpc,0 , Tpc,10, Tpc,20,
etc.! of the photonic crystal sample over a range of objective-
sample angles of incidence.~8! Using thea’s from the refer-
ence semiconductor slab measurement, calculate, using the
Moore–Penrose matrix inversion method, the single-angle
plane-wave photonic crystal transmittancestpc, j ’s ~e.g.,tpc,0 ,
tpc,10, tpc,20, etc.! from Eq.~14!. This procedure applies to a
single wavelength and a single polarization. To obtain the
spectral characterization of the photonic crystal sample, this
procedure needs to be repeated for each wavelength of inter-
est. This can be done one wavelength at a time by changing
the wavelength of a tunable source or by using a simulta-
neous range of wavelengths as done in conjunction with an
FTIR spectrometer. To set the linear polarization an infrared
polarizer in the optical system may be rotated to select either
TE or TM polarization.
A powerful benefit of obtaining the resulting single-
angle plane-wave transmittances of the photonic crystal
sample obtained as described here, is that these experimen-
tally based single-angle plane-wave transmittances can be
compared to values calculated theoretically using the plane-
wave expansion method or the finite-difference time-domain
~FDTD! method. In photonic crystal device development,
this information is invaluable in assessing device perfor-
mance and in reconciling differences among analysis, design,
fabrication, and testing of these devices. The above method-
ology has been developed in terms of transmittances. How-
ever, as stated previously, it also applies to single-angle
plane-wave reflectance determination. Likewise, the ap-
proach can be applied to measurement with refractive lenses.
In this case, the same formulation is used except that
uob,min50. Further, this approach can be applied equally to
1D, 2D, and 3D photonic crystal structures. Although the
formulation has been developed for symmetrical beams and
symmetrical samples@Eq. ~3!#, this approach can be refor-
mulated to incorporate nonsymmetrical cases. The method-
ology presented here can be straightforwardly implemented
usingMATLAB 24 or similar software packages.
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